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12 Conformal designs and D.H. Lehmer’sconjecture∗
Tsuyoshi Miezaki†
Abstract
In 1947, Lehmer conjectured that the Ramanujan τ -function τ(m)
is non-vanishing for all positive integers m, where τ(m) are the Fourier
coefficients of the cusp form ∆ of weight 12. It is known that Lehmer’s
conjecture can be reformulated in terms of spherical t-design, by the
result of Venkov. In this paper, we show that τ(m) = 0 is equivalent
to the fact that the homogeneous space of the moonshine vertex op-
erator algebra (V ♮)m+1 is a conformal 12-design. Therefore, Lehmer’s
conjecture is now reformulated in terms of conformal t-designs.
Key Words and Phrases. vertex operator algebras, conformal design.
2000 Mathematics Subject Classification. Primary 17B69; Secondary 05E99;
Tertiary 11F03.
1 Introduction
In [11], Ho¨hn defined the concept of conformal designs, which is an analogue
of the concept of combinatorial designs and spherical designs. First, we
review some information that will be needed later in the present paper. See
[2], [8], and [9] for the definitions and elementary information on vertex
operator algebras and their modules.
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A vertex operator algebra (VOA) V over the field C of complex numbers is
a complex vector space equipped with a linear map Y : V → End(V )[[z, z−1]]
and two non-zero vectors 1 and ω in V satisfying certain axioms (cf. [8, 9]).
We denote a VOA V by (V, Y, 1, ω). For v ∈ V , we write
Y (v, z) =
∑
n∈Z
v(n)z−n−1.
In particular, for ω ∈ V , we write
Y (ω, z) =
∑
n∈Z
L(n)z−n−2,
and V is graded by L(0)-eigenvalues: V = ⊕n∈ZVn. For Vn, n is called
the degree. In the present paper, we assume that Vn = 0 for n < 0, and
V0 = C1. For v ∈ Vn, the operator v(n− 1) is homogeneous of degree 0. We
set o(v) = v(n − 1). We also assume that the VOAs V are isomorphic to a
direct sum of highest weight modules for the Virasoro algebra, i.e.,
V =
⊕
n≥0
V (n),(1)
where each V (n) is a sum of the highest weight Vω modules of highest weight
k and V (0) = Vω.
In particular, the decomposition (1) yields the natural projection map
π : V → Vω
with the kernel ⊕n>0V (n). Next, we give the definition of a conformal t-
design, which is based on Matsuo’s paper [13].
Definition 1.1 (cf. [11]). Let V be a VOA of central charge c, and let X be
a degree h subspace of a module of V . For a positive integer t, X is referred
to as a conformal t-design if for all v ∈ Vn, where 0 ≤ n ≤ t, we have
tr|Xo(v) = tr|Xo(π(v)).
Then, it is easy to prove the following theorem:
Theorem 1.1 (cf. [11, Theorem 2.3]). Let X be the homogeneous subspace
of a module of a VOA V . Then, the following conditions are equivalent:
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(i) X is a conformal t-design.
(ii) For all homogeneous v ∈ ker π =
⊕
n>0 V (n) of degree n ≤ t, one has
tr|Xo(v) = 0.
Vm can be considered to have large symmetry if a homogeneous space of
VOA Vm is a conformal t-design for higher t [13].
We next give examples of conformal designs. Let V ♮ be the moonshine
VOA [9]. Then, it is well known that (V ♮)m is a conformal 11-design for
all m [11]. Therefore, it is an interesting problem to prove or disprove the
existence of a conformal 12-design which is a homogeneous space of V ♮.
The main result in this paper is as follow:
Theorem 1.2. Let the notation be the same as above. Let τ(m) be Ramanu-
jan’s τ -function:
∆(z) = η(z)24 = (q1/24
∏
m≥1
(1− qm))24 =
∑
m≥1
τ(m)qm.(2)
Then, the following are equivalent:
(i) τ(m) = 0.
(ii) (V ♮)m+1 is a conformal 12-design.
Lehmer conjectured that τ(m) 6= 0 [12]. Thus, Theorem 1.2 is a reformu-
lation of Lehmer’s conjecture.
A homogeneous space of VOA Vm has strength t if Vm is a conformal
t-design but is not a conformal (t + 1)-design. We have not yet been able
determined the strength of (V ♮)m for generalm, and so Lehmer’s conjecture is
still open. This demonstrates the difficulty of determining the strength of Vm.
However, we will give examples for which the strength t can be determined:
Theorem 1.3. The homogeneous spaces in a d-free boson VOA have strength
3.
In Sections 2 and 3, respectively, Theorems 1.2 and 1.3 will be proved.
Remark 1.1. In the theory of spherical designs, analogues of Theorem 1.2
have been obtained [15, 14]. Namely, τ(m) = 0 is equivalent to the shell of
E8-lattice (E8)2m being a spherical 8-design [1] (see, e.g., [1] for the undefined
terms in this remark).
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2 The case of V ♮
2.1 Graded trace
In this section, we review the concept of a graded trace. Recall that V is a
VOA with standard L(0)-grading
V =
⊕
n≥0
Vn.
Then, for v ∈ Vk, we define the graded trace ZV (v, z) as follows:
ZV (v, z) = tr|V o(v)q
L(0)−c/24 = q−c/24
∞∑
n=0
(tr|Vno(v))q
n,
where c is the central charge of V . If v = 1, then
ZV (1, z) = tr|V q
L(0)−c/24 = q−c/24
∞∑
n=0
(dim Vn)q
n.
For a VOA V = (V, Y, 1, ω), Zhu defined the new VOA (V, Y [ ], 1, ω −
c/24), where c is the central charge of V [16]. Let ω˜ = ω − c/24 and
Y [ω˜, z] =
∑
n∈Z
L[n]z−n−2.
Then, we have V =
⊕∞
n=0 V[n] and⊕
n≤N
Vn =
⊕
n≤N
V[n].(3)
2.2 Proof of Theorem 1.2
Note that the moonshine VOA is an extremal self-dual VOA in the sense of
[11], namely, (V ♮)1 = 0 and for v ∈ (V
♮)[12], we have ZV ♮(v, z) is a cusp form
of weight 12 with respect to SL2(Z) (cf. [16, page 299, line 11 up], [3]). It is
well known that ∆(z) is the unique cusp form of weight 12 with respect to
SL2(Z). Therefore, we have ZV ♮(v, z) = c(v)∆(z), where c(v) is a constant
depend on v (cf. [16, page 299, line 11 up], [3]). Assume that τ(m) = 0.
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Then, for any v ∈ (V ♮)[12], we have tr|(V ♮)m+1o(v) = 0. Therefore, based on
(3), (V ♮)m+1 is a conformal 12-design.
Now, we assume the contrary, that τ(m) 6= 0. Since (V ♮)2 is not a
conformal 12-design (cf [11, page 2333], [4, Theorem 3]), there exists v ∈
(V ♮)[12] of degree 12 such that ZV ♮(v, z) = c(v)∆(z) = c(v)
∑∞
m=1 τ(m)q
m,
where c(v) 6= 0 (cf. [16]). Hence, we have tr|(V ♮)m+1o(v) = c(v) × τ(m) 6=
0, which implies that (V ♮)m+1 is not a conformal 12-design, by (3). This
completes the proof of Theorem 1.2.
3 The case of M(1)
3.1 Free boson vertex operator algebras
In this section, we review the definition of the d-free boson VOA M(1). For
details of the construction, see [9]. Let h be a d-dimensional vector space with
a nondegenerate symmetric bilinear form (, ), and let hˆ be the corresponding
affinization, viewing h as an abelian Lie algebra hˆ = h⊗C[t, t−1]⊕CK with
commutator relations
[h⊗ tm, h′ ⊗ tn] = m(h, h′)δm+n,0K, (h, h
′ ∈ h, m, n ∈ Z),
[K, h⊗ C[t, t−1]] = 0.
Consider the induced module
M(1) = U(hˆ)⊗h⊗C[t]⊕CK C,
where h ⊗ C[t] acts trivially on C, and K acts as 1. We denote by h(n)
the action of h⊗ tn on M(1). The space M(1) is linearly isomorphic to the
symmetric algebra S(h⊗ t−1C[t−1]). Thus, setting 1 = 1⊗ 1, any element in
M(1) is a linear combination of elements of type
v = a1(−n1) · · ·ak(−nk)1, (a1, . . . , ak ∈ h, n1, . . . , nk ∈ Z+).
Now let {hi}
d
i=1 be an orthonormal basis of h, and set ω = 1/2
∑d
i=1 hi(−1)
21.
Then, (M(1), Y, 1, ω) is a VOA with a vacuum 1 and Virasoro element ω. In
particular,
M(1) =
⊕
n≥0
M(1)n,
whereM(1)n = 〈a1(−n1) · · ·ak(−nk)1 | a1, . . . , ak ∈ h, n1, . . . , nk ∈ Z+,
∑
ni =
n〉. We identify M(1)1 with h in the obvious way.
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3.2 Proof of Theorem 1.3
First, note that the automorphism group of a d-free boson VOA is the or-
thogonal group O(d,C) [5].
Proposition 3.1. For k > 0, (M(1))k is a conformal 3-design.
Proof. Let G = O(d,R) < O(d,C) be a subgroup of the automorphism group
of M(1). Let θ be an element in G of order 2 that is a lift of −1 ∈ Aut(h),
namely, for a1(−n1) · · · ak(−nk)1 ∈ M(1),
θ : a1(−n1) · · ·ak(−nk)1 7→ (−1)
ka1(−n1) · · ·ak(−nk)1.
Then,


(M(1)〈θ〉)1 = ∅
(M(1)〈θ〉)2 = S
2(h(−1))
(M(1)〈θ〉)3 = h(−2)⊗ h(−1).
Therefore, based on [11, Theorem 2.5], it is sufficient to show that (M(1)G)2 =
Cω = C(
∑d
i=1 hi(−1)⊗hi(−1)) and (M(1)
G)3 = CL(−1)ω = C(
∑d
i=1 hi(−2)⊗
hi(−1)). We consider the G-action on C[x1, . . . , xd]. Then, the invariants
C[x1, . . . , xd]
G are the space C[x21 + · · · + x
2
d], [7]. Substituting {xi}
d
i=1 for
{hi}
d
i=1, we obtain the desired results. Hence, (M(1))k is a conformal 3-
design.
Proposition 3.2. For k > 0, (M(1))k is not a conformal 4-design.
Proof. Let {hi}
d
i=1 be the orthonormal basis of h, and let
v4 = h1(−1)
41− 2h1(−3)h1(−1)1 +
3
2
h1(−2)
21.
Then, v4 ∈ (M(1))4 is the highest weight vector because L(1)v4 = L(2)v4 = 0
(cf. [6, page 423]). Then, it is sufficient to show that
tr|(M(1))ko(v4) 6= 0.
We set a(m) as follows:
ZM(1)(v4, z) = q
−d/24
∑
m≥0
(tr|(M(1))mo(v4))q
m = q−d/24
∑
m≥0
a(m)qm.
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We show that a(m) 6= 0. We will divide the problem into two cases: d = 1
and d ≥ 2. Let d = 1. For 1 ≤ k ≤ 3, by calculation, we have
tr|(M(1))ko(v4) =


−6 if k = 1
−42 if k = 2
−120 if k = 3,
that is,
ZM(1)(v4, z) = q
−1/24(−6q − 42q2 − 120q3 + · · · ).(4)
On the other hand, based on [6, Theorem 1],
ZM(1)(v4, z) =
f1(v4, z)
η(z)
,(5)
where f1(v4, z) ∈ C[E2, E4, E6], and since v4 ∈ (M(1))4 and based on [6,
Theorem 1], f1(v4, z) can be written in terms of E2, E
2
2 , and E4. Therefore,
we can determine f1(v4, z) by (4) and (5) as follows:
f1(v4, z) =
E2(z)
2 − E4(z)
48
.
Here, using the equation (see [10])
E4(z)− E2(z)
2
288
=
∑
m>0
mσ1(m)q
m,
we obtain
f1(v4, z) =
E2(z)
2 − E4(z)
48
= (−6)
∑
m>0
mσ1(m)q
m.
Therefore, the coefficients of f1(v4, z) are negative integers. Since the coef-
ficients of 1/η(z) are positive integers, a(m) 6= 0 for all m > 0 for the case
d = 1.
Let d ≥ 2 and
ZM(1)(v4, z) =
fd(v4, z)
η(z)d
,(6)
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where fd(v4, z) ∈ C[E2, E4, E6] and fd(v4, z) is also written in terms of E2,
E22 , and E4. Using [6, Corollary 2.2.2], we have that f1(v4, z) and fd(v4, z) are
same function because v4 is written in terms of h1(−1), h1(−2), and h1(−3),
and the basis {hi}
d
i=2 does not influence [6, Corollary 2.2.2], namely,
fd(v4, z) =
E2(z)
2 − E4(z)
48
.
Using the same argument for the case d = 1, we have a(m) 6= 0.
Propositions 3.1 and 3.2 are summarized as Theorem 1.3.
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